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Abstract
We obtain an approximate analytical solution for the ground state of a bulk scalar field with a double-well potential in the
Randall–Sundrum brane world background, in a situation where the boundary conditions rule out a constant field configuration
except for the zero solution. The stability of the zero solution is determined by the brane separation. We find our approximation
near the critical separation at which the zero solution becomes unstable to small perturbations.
 2004 Elsevier B.V.
PACS: 04.50.+h; 11.10.-z; 11.10.Kk; 11.30.Qc
Keywords: Extra dimensions; Brane worlds; Bulk fields; Symmetry breaking
Open access under CC BY license.The idea that our universe might be a membrane
embedded in some higher-dimensional spacetime has
been receiving a lot attention in recent years. In
particular, Randall and Sundrum [1] have proposed a
5-dimensional model where the extra dimension has
an orbifold compactification, with two flat 3-branes
with opposite tensions sitting at two orbifold fixed
points.
In the original Randall–Sundrum model, all fields
except for gravity are confined to the branes. However,
the possibility of other fields in the “bulk” space
between the branes has been considered by many
authors, in the context of: stabilisation of the distance
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Open access under CC BY license.between the branes, e.g. [2]; self-consistency, e.g.
[3–6]; cosmology, e.g. [7] and models in which all
fields propagate in the bulk spacetime, e.g. “universal
extra dimensions” [8].
In the last example, it is reasonable to ask what
happens when a field that may undergo spontaneous
symmetry-breaking, such as a Higgs field, exists inside
the bulk. In the standard model, this is what provides
particles with their masses. Symmetry-breaking in
brane world models has also been investigated in
e.g. [9]. A simple model for such a field is a real scalar
field Φ with the double-well potential
(1)U(Φ) = λ
24
(
Φ2 − a2)2.
This potential has a maximum at Φ = 0 and min-
ima at non-zero values of Φ = ±a. It is straightfor-
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sible ground states of the field. In ordinary Minkowski
spacetime, which is homogeneous and isotropic, if the
zero solution is unstable to small perturbations due
to the dynamics of the model, then the stable ground
states are indeed these non-zero constant values.
It is possible to construct homogeneous and isotro-
pic spacetimes in which the ground state may not be
a constant. The example of a toroidal spacetime was
provided by Avis and Isham [10], who showed that if
the torus is below a critical size set by the parameters
of the potential, the zero solution is the stable ground
state; above that critical size, the stable state is a
spatially dependent solution.
Similarly, as we illustrate in this Letter, the bound-
ary conditions in the Randall–Sundrum model can rule
out constant non-zero field values. Again, there is a
critical parameter, in this case the size of the extra
dimension, that determines the stability of the zero
ground state and a state of broken symmetry must be
found. This symmetry-broken ground state will nec-
essarily be non-constant. This could then potentially
provide some very interesting particle physics in the
next round of collider experiments, as particle “mass-
es” would become a function of the extra-dimensional
coordinate.
In this Letter, we use a method presented in
[11] for obtaining approximate analytical expressions
for ground states in situations where the boundary
conditions rule out constant field configurations. We
consider a simple yet interesting toy model in which
a single scalar field exists in the background of the
Randall–Sundrum spacetime. For generality, we have
D brane dimensions and one extra dimension. The
field is in the so-called “twisted” configuration (see
below), which is especially simple. This configuration
is equivalent to imposing Dirichlet (vanishing-field)
boundary conditions on the branes.
The (D+1)-dimensional Randall–Sundrum metric
with signature (+ − · · ·−) is
(2)ds2 = gˆµˆνˆ dxˆµˆ dxνˆ = e−2k|y|ηµν dxµ dxν − dy2,
where a caret denotes a (D + 1)-dimensional quantity.
A non-zero constant k gives the “warping” of the
bulk space, so that the higher-dimensional space is a
slice of AdSD+1 spacetime. The extra dimension y
lies between the branes at y = 0 (the “hidden” brane)
and y = ±πr (the “visible” brane, which representsour universe). A Z2 symmetry is imposed identifying
points at y and −y . All of the other spacetime
directions, labelled by coordinates xµ, are infinite and
flat.
The action S of a real bulk scalar field Φ is chosen
to be
S[Φ] =
∫
dt
∫
dD−1x
∫
dy
√
gˆ
(3)×
[
1
2
gˆµˆνˆ∂µˆΦ∂νˆΦ − U(Φ)
]
,
where gˆ = |det gˆµν |. U(Φ) is the double-well poten-
tial in Eq. (1).
The field equation for the ground state φ, which
depends only on y , following from Eq. (3) is
(4)∆φ − U ′(φ) = 0,
where
(5)∆ = eDσ d
dy
(
e−Dσ d
dy
)
.
As is pointed out in [5], the orbifold nature of the
extra dimension means that the field can have two
kinds of configuration: “twisted”, φ(y) = −φ(−y)
and “untwisted”, φ(y) = +φ(−y).
The twisted field configuration, together with the
requirement that the field is continuous across the
branes, is equivalent to imposing Dirichlet boundary
conditions on the branes, i.e., φ(0) = φ(πr) = 0.
For the potential (1), φ = 0 and φ = ±a are
solutions to Eq. (4). There are two key issues that
then arise. The first is whether or not the boundary
conditions are satisfied. We note that our Dirichlet
boundary conditions prohibit a constant field, except
if the field is everywhere zero. Therefore, the standard
Minkowski spacetime ground states φ = ±a are not
allowed. The second is that the solution must be stable
to perturbations.
Following the method described in [11], which
involves looking at the energy of a perturbed solution
φ + h, with h treated as small, we find a critical value
of the brane separation r = rc at which φ = 0 becomes
unstable, given by
(6)rc =
[
λa2
6
− D
2k2
4
]−1/2
.
The field φ = 0 is unstable if r > rc. The stable
ground state is then necessarily one of non-constant
field configuration.
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obtaining approximate solutions for the ground state
in cases where it is not possible to solve the equation
of motion exactly. This method was adapted to cavities
in [11].
We take the size of the extra dimension r to be
slightly greater than the critical value:
(7)r = (1 + 
)rc,
with 0 < 
  1. We also transform to dimensionless
coordinates z = y/πr . The branes are then at z = 0
and z = 1. The operator ∆ can be expanded in powers
of 
 to give
(8)∆ = ∆c + 
∆1 + 
2∆2 + · · · ,
where ∆c denotes the original operator evaluated with
r = rc. The operators ∆1,∆2, . . . are straightforward
to obtain. The first is given by
(9)∆1 = Dk
yc
d
dz
− 2
y2c
d2
dz2
.
It can be shown (see [12]) that the field φ can be
expanded as
(10)φ(z) = 
1/2[φ0(z) + 
φ1(z) + 
2φ2(z) + · · ·],
where φ0(z),φ1(z), . . . are independent of 
. Substi-
tuting this into the equation of motion (4) and equat-
ing coefficients of equal powers in 
, we obtain a set
of coupled differential equations. The first of the set,
(11)∆cφ0 + λa
2
6
φ0 = 0,
gives the first order approximation φ0 to the non-
constant ground state φ.
The overall scale is left undetermined, as the equa-
tion is homogeneous. If we let φ˜0(z) be any solution
of Eq. (11) that satisfies φ˜0(0) = φ˜0(1) = 0, then we
can write φ0(z) = Aφ˜0(z), for some constant A. The
overall scale A is determined by requiring the field ex-
panded as in Eq. (10) to minimise the energy to lowest
order in 
, since we are dealing with the ground state.
After some calculation, this gives
(12)A =
√√√√6
∫ 1
0 dz e
−πDkrczφ˜0∆1φ˜0
λ
∫ 1
0 dz e
−πDkrczφ˜40
.
It is simple to find a solution to Eq. (11) that satisfies
the boundary conditions. After calculating the overallscale, we find
φ(z) ≈ 
1/2
[
πDk(D2k2r2c + 4)(D2k2r2c + 16)
4λrc(eπDkrc − 1)
]1/2
(13)× eπDkrcz/2 sin(πz)
for the first order approximation to the ground state.
We have also calculated the next order correction,
though the result is too lengthy to report here.
To both check the approximation and to investigate
the behaviour of the solution for regions in which the
approximation is not valid (i.e., values of 
 > 1), we
have plotted the numerical solution to the field equa-
tion (4) for a certain set of parameters and with various
values of 
. The numerical solution was obtained us-
ing a shooting method procedure.
Fig. 1 illustrates the good agreement between the
approximate and numerical solutions for the small
value of 
 of 0.1. This agreement starts to break
down around 
 = 0.5, as also shown in Fig. 1.
Considering that the approximation is only given to
the lowest order, the degree of accuracy over such a
range is quite remarkable. It is possible to improve
the agreement between the numerical result and the
analytical approximation by including the next order
correction to (13).
In Fig. 2, we present the behaviour for a range of
values of 
 from 0.2 up to 1.4. This illustrates the
interesting behaviour that, as 
 gets larger, the ground
Fig. 1. Comparison of the approximate solutions (black curves) with
the numerical solutions (grey curves). The lower pair of curves, for

 = 0.1, illustrates the excellent agreement between the two. The
upper pair of curves, for 
 = 0.5, shows that the approximation is
beginning to break down for this value of 
. The parameters chosen
are D = 4, k = 1, λ = 5.2 and a = 2.4.
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 from 0.2 up to 1.4 in steps of 0.2. The smallest curve corresponds
to 
 = 0.2, with each progressively larger curve representing a step
upwards in 
. The horizontal black line is the constant solution
φ = a, which the curves are tending towards away from the branes.
state gets closer to resembling the constant φ = a
solution. The function is brought down to zero at each
brane as dictated by the boundary conditions. It seems
reasonable to assume that the solution tends towards a
step function in the limit that 
 → ∞.
Conclusions In this Letter, we have obtained an
approximate analytical solution for the ground state of
a scalar field with a double-well potential existing in
the bulk of the Randall–Sundrum spacetime. The field
is in the so-called “twisted” configuration, which is the
simplest situation in which the boundary conditions
rule out a constant field configuration except for
the zero solution. The stability of the zero solution
to small perturbations is determined by the brane
separation. We find a critical separation at which the
zero solution becomes unstable, which is given by
Eq. (6).
Our approximation, given in Eq. (13), applies in the
regime in which the brane separation exceeds the crit-
ical value by a small amount. In fact, numerical results
show that approximation works up to separations that
are greater than the critical value by nearly 50%.
The general form of these near-critical solutions is
of a sinusoid multiplied by an exponential. For larger
brane separations, the solutions begin to distort from
this simple shape and begin to tend towards a step-like
function, which is as close as the boundary conditions
will allow to the constant φ = a solution that is themore familiar case. Of course, at or below the critical
separation, the ground state is just φ = 0.
The most interesting behaviour is therefore to be
found exactly in the region in which the approximation
applies. In this region, the deviation from constant
behaviour is the greatest.
If the field is interpreted as a simple model of a
Higgs field that will generate particle masses in the
bulk, such as in models of universal extra dimensions,
this would cause these “masses” to vary greatly
with position along the extra dimension. This would
certainly give rise to some interesting particle physics
that may be measurable.
In the simple example given here, such a field
will disappear on the branes, indicating that a model
with universal extra dimensions cannot use twisted
conditions, unless extra boundary terms are included.
It would therefore be interesting to investigate these
effects in more realistic models of universal extra
dimensions and what kinds of particle phenomena
might result. The power of the approximation method
used here is that it would allow this phenomenology
to be analysed much more easily than by dealing with
the exact solution to the field equation.
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